Using the basic prolongation method and the infinitesimal criterion of invariance, we find the most general Lie point symmetries group of the Thomas equation. By looking the adjoint representation of the obtained symmetry group on its Lie algebra, we will discus the preliminary classification of its group-invariant solutions. This latter provides us in each case with a new exact solutions for the Thomas equation.
Introduction
The Lie group method is one of the most powerful method available to analyse nonlinear evolution systems and their methods of solution [1, 2, 3, 4, 5] . Introduced firstly by Sophus Lie [6] and consists of a systematic procedure for the determination of continuous symmetry transformations of a system of nonlinear partial differential equations (NLPDE). An important feature of this method is that one can derive special solutions associated with nonlinear PDEs straightforwardly which are otherwise inaccessible through other methods. One of the obvious advantages of knowing a symmetry group of a system of differential equations is that one can use the defining propriety of such a group and construct new solutions to the system from known ones. One can also use symmetry group to explicitly determine types of solution which are themselves invariant under some subgroups of the full symmetry group of the system and provides a new classification of different classes of solutions. The basic idea of the Lie symmetry method is to find the transformations groups associated with a given systems under a continuous group of transformations and to find a reduction transformation from the symmetries. In particular for nonlinear partial differential equations with two independent variables the reduction transformation can be used to reduce the number of independent variables by one. In the case of the ordinary differential equations the determination of a one-parameter symmetry group allows to the reduction of the order of the equation by one. Here by using the criterion of invariance of the equation under the infinitesimal prolonged generators, we find the most general Lie point symmetries group of the Thomas equation. By looking the adjoint representation of the obtained symmetry group on its Lie algebra, we will discus the preliminary classification of group-invariant solutions. This latter provides us with a new exact solutions of the Thomas equation. The paper is arranged as follows. In section 2, we introduce the Thomas equation and by using the prolongation formulae and the infinitesimal criterion of invariance we determine the most general symmetry group and the corresponding Lie algebra for Thomas equation. Section 3, is devoted to the construction of the of group-invariant solutions and its classification which provides us is each case with a new exact solutions for the Thomas equation. In section 4, we present our conclusion and finally in the Appendix, we briefly give the methods for constructing the invariants of the differential equation.
2 Determination of Symmetry group for Thomas equation
Thomas equation
The Thomas equation is an interesting subject in physical sciences [7, 8, 9 ]it arises in the study of chemical exchange processus and sometime called Thomp-son equation. Proposed by Thomas [9] and has the form:
where :
∂x∂y and α, β and γ are constants. For exchange processus α > 0, β > 0 and γ = 0.
Lie algebra of Thomas equation
In order to calculate the Lie point symmetries of the system(1), we first consider the generator of the group of point transformations. Here there are two independent variables x and y, and one dependent variable u. The Thomas equation is of second order (n = 2). Then a general vector field on the space of independent and dependent variables (X × R where X =< x, y >)takes the form :
Where ξ, η and ϕ depend on x, y and u . We wish to determine all possible coefficient functions ξ, η and ϕ, so that the corresponding one-parameter group exp ǫv is a symmetry group of Thomas equation. According the technics using in [1] , since the Thomas equation is of second order, we need to know the second prolongation P r 2 v of the infinitesimal generators which is given by the following formulae :
where the coefficients ϕ x , ϕ y , ϕ xx , ϕ xy and ϕ yy are given by :
where D x and D y are total derivatives on x and y respectively and D xy = D x (D y ). After a long calculation, we obtain :
To use the infinitesimal criterion of invariance, let us introduce ∆ = u xy + αu x + βu y + γu x u y . Suppose that :
for every infinitesimal generators v of G, then G is a symmetry group of the Thomas equation (1). Substituting the general formulae (9, 10 ) and (11) into (3) and (14), after eliminating the dependence between the derivatives coming from the equation itself and equating the coefficients of the various monomials in the first and second order, we find the defining equations for the symmetry group of the Thomas equation to be the following :
The system determining the symmetry group of our equation is :
After some algebraic manipulations, we obtain the most general form of the coefficient functions ξ, η and ϕ which are the form :
where a, b, c and k are arbitrary constants and g(x, y) an arbitrary solution of the first equation in the system (16) Then, we obtain the most general form for vector field v which is :
Hence, the Lie algebra of infinitesimal symmetry of the Thomas equation is spanned by the four vectors fields :
and the infinite dimensional subalgebra
The one-parameter groups G i generated by the v i are given in the following table. The entries gives the transformed point exp(ǫv i )(x, y, u) = ( x, y, u) :
Since each group G i is a symmetry group, then if u = f (x, y) is a solution of the Thomas equation, so are the functions :
where ǫ is any number real. The commutation relations between theses vectors field is given by the following table :
Since the totality of infinitesimal symmetries must be a Lie algebra, we can conclude that if f (x, y) is any solution of the first equation in (16), so are f x , f y and −γxf x + γyf y − γ(βx − αy)f .
Classification of Group-Invariant Solutions
Recall first that in general to each one parameter subgroups of the full symmetry group of a system there will corresponding a family of solutions, such solutions are called invariant solutions [1] . In this paper we are interesting only on the symmetry algebra g of the Thomas equation which is spanned by the vector fields v 1 , v 2 , v 3 and v 4 . Every one-dimentional subalgebra of g is determined by a nonzero vector v of the form :
where a i are arbitrary constants. Our task is to simplify as many of the coefficients a i as possible through application of adjoint to v. To compute the adjoint representation, we use the Lie series :
Then from the commutation table (36), we obtain the following table :
Refereing to the table (39), if we act on such a v by Ad(exp( a3 β )v), then we can make the coefficient v 3 vanish . Then the reduced vector field takes the form :
The invariants ς and χ can be found by integrating corresponding characteristic system, which is :
The obtained solution are given by (see Appendix)
and
Therefore, a solution of our equation in this case is :
The derivatives of u are given in terms of ς and χ as :
Substituting (46-48) into the Thomas equation then the obtained reduced equation takes the form :
If we put ς χ = θ, one obtain the following equation :
this Riccati type equation is transformed by using the change :
and multiplying by χ one obtain the Fuchs type equation
where e = This equation admits a solution developable in series in the neighboring of zero, for χ > 0, we have :
where a 0 = 1 and a n = 
which is transformed in the linear equation (with z =
The solution of (55) is :
where g p ia a primitive of
Thus, we have ς = ς(χ) = θ(χ)dχ, and then, we obtain the solution in this case which is :
where χ = (a 1 − γx)(a 2 + γy).
Cas.2
Suppose now that a 4 = 0, and a 3 = 0. In this situation the invariants associated to the field vector v are of the form :
(59)
The invariants are :
Next, we have :
Subsisting these quantities in the Thomas equation, we find the reduced equation :
Putting ς χ = θ, then (65) takes the form :
which is the Riccati type equation.
• Suppose that (αa 1 − βa 1 + γ) 2 + 4a 1 γβ ≥ 0. Then, our equation admit one constant solution θ 0 which satisfying the second order equation:
Then by redefining the variable θ = f + θ 0 , one obtain the following Bernoulli type equation :
Put now f = 1 h one obtain a linear equation:
This equation admit a solution, since 2a1a2γθ0−αa2+βa1+γ a1a2 = 0, which is : 
where
. Finally, the solution of the Thomas equation is :
• If (αa 2 − βa 1 + γ) 2 + 4a 1 γβ < 0 In this situation we have :
The reduced equation obtained can be written in the separation form as : dθ
If we put
, A 2 = −γ, and A 3 = β a1a 2 2 , thus the problem becomes to the integration of the following equation :
, Ξ > 0. Then, we look to the integration of
By using the change of the variable t = Ξ + A1 2A2 , we have :
and therefore,
then,
and we obtain :
Next, we find the solution of the Thomas equation which is :
(83) where A 0 = constant. In this case the vectors field is:
, and :
After substituting these expressions into the Thomas equation, we obtain the following reduced equation :
and then, ς = a 1 α βa 1 + γ χ + cte.
Next we have,
3. If a 1 = −γ β , the vector field v take the form :
and the invariants are :
Therefore
and then,
u xy = 0.
Substituting the above expressions into Thomas equation, one find that αβ = 0. Then we conclude that there is not the solution in this case.
4. If a 1 = a 2 = 0 we have :
the invariants are ς = x, and χ = y, then like in the last case there is not the solution of the equation.
Cas.3
In this case we choose a 4 = a 3 = 0, then the vector field is the form :
1. if a 1 a 2 = 0, the vector field is of the form :
and the invariants ς et χ are solutions of the following characteristics system :
The solutions are :
next we have : u = ς, therefore :
By substituting these expressions into the Thomas equation, we obtain the following equation :
putting θ = ς χ , we obtain the Bernoulli equation :
• If a 2 = β α , the reduced equation takes the form :
which have the solution:
where k 0 , is arbitrary constant.
• if a 2 = β α , we adopt the change θ = 1 z , we obtain the following linear equation :
which admit the general solution :
Therefore,
where k = is arbitrary constant.
2. If a 1 = 0, in this situation we takes v as :
Then u = ς, and therefore,
Substituting these expressions into the Thomas equation, then the solution of the corresponding equation is a constant :
Conclusion
In this paper by using the criterion of invariance of the equation under the infinitesimal prolonged infinitesimal generators, we find the most Lie point symmetries group of the Thomas equation. By looking the adjoint representation of the obtained symmetry group on its Lie algebra, we have discussed the preliminary classification of group-invariants solutions. We have seen that the obtained reduced equation in such case can be transformed on known equation by using an appropriate change of the variables. It is intersecting to extended this construction to the supersymmetric Thomas equation, more detail in this question will be given elsewhere [13] .
Appendix
In this Appendix, we introduce the method for finding the invariants of the group generated by the following infinitesimal generator:
the invariants are found by integrating the corresponding characteristic system, which is dx a 1 − γx = dy a 2 + γy = du βx − αy .
The first of these two equations :
is easily solved, the solution are :
1 γ log(a 1 − γx) = 1 γ log(a 2 + γy) + c.
So, one of the invariant is : χ = (a 1 − γx)(a 2 + γy).
Note that χ is a constant for all solution of the characteristic system, so we can replace y by 
therefore : { βx a 1 − γx − αχ γ(a 1 − γx) 2 + αa 2 γ(a 1 − γx) }dx = du.
Then the equation has the following solution :
−β γ x − (βa 1 + αa 2 ) γ 2 log(a 1 − γx) − αχ γ 2 (a 1 − γx) = u + k,
for k an arbitrary constant. Finally we have :
is the second invariant.
